We generalize the known method for explicit construction of mirror pairs of (2, 2)-superconformal field theories, using the formalism of Landau-Ginzburg orbifolds. Geometrically, these theories are realized as Calabi-Yau hypersurfaces in weighted projective spaces. This generalization makes it possible to construct the mirror partners of many manifolds for which the mirror was not previously known.
Introduction
String vacua which lead to N = 1 space-time supersymmetry can be described by (2, 0)-superconformal field theories [1] . Another approach is to consider Calabi-Yau manifolds as the classical background in which the string is propagating [2] . Although at first sight very different, it is by now well-known that a large class of Calabi-Yau spaces can be described in terms of (2, 2)-superconformal field theories (see for example Refs. [3] [4] [5] ).
In fact, it was conjectured that the Calabi-Yau spaces come in pairs, where for two spaces in such a pair the role of (2, 1)-forms and (1, 1)-forms respectively are interchanged 1 . Two such theories are said to form a mirror pair. Although the two respective underlying conformal field theories are isomorphic and differ only in the relative sign of the U (1) currents in the (2, 2)-superconformal field theory, it is far from straightforward to explicitly construct manifolds which exhibit the above mirror symmetry.
The first construction was given by Greene and Plesser [6] , who considered the 3 5 theory, i.e. a tensor product of five A 4 superconformal minimal models. The idea is to use the fact that [7] A k+1 /Z Z k+2 ∼ = A k+1 , the effect of the modding being a change of the relative sign of the left-and right-moving U (1) charge. This procedure can be extended to tensor products of minimal models [6, 8] .
In particular, with the number of monomials the same as the number of coordinates. In order to find the mirror, we need to consider quotients of another theory whose defining polynomial is the transpose, in a sense that will be made precise, of the original one.
We will make use of the recently established ties [4, 5, 11] between the geometric point of view and the Landau-Ginzburg orbifold approach. Corresponding to a hypersurface M in a weighted projective space IP 4 (l 1 ,...,l 5 ) defined by P (x i ) = 0, the (2, 2)-superconformal field theory is determined by the superpotential P (Φ i ). The fact that P (Φ i ) is the same polynomial as P (x i ) leads to some important identifications. In particular, the function ring of the variety M [12] and the chiral ring of the corresponding Landau-Ginzburg model [13] are identical. Moreover, the ring structure of the full (p, q)-cohomology on M can be identified in complete detail with the full ring of marginal operators of the LandauGinzburg orbifold-including untwisted and twisted, (c, c)-and (a, c)-sectors [11] . Also, the scaling symmetry and the associated GSO-type projection correspond to the projectivity of the ambient space M. This allows us to freely toggle between Calabi-Yau hypersurfaces and the corresponding Landau-Ginzburg orbifolds, and we make no notational distinction between them.
The paper is organized as follows. We first give the general construction in Section 2.
In Section 3, we work out an explicit example and present the general arguments and explicit computations in verification of the mirror pairing of W with M. Section 4 contains our closing remarks, and some technical details are left for the Appendices.
The Construction
Consider a smooth hypersurface M in a weighted projective space IP 4 (l 1 ,...,l 5 ) of dimension four. The generalization to other dimensions is straightforward 2 . For M to be Calabi-Yau, it must be defined as the zero-set of a polynomial of degree d = 5 i=1 l i :
and x i has scaling weight l i . The corresponding statement for a (2, 2)-superconformal field theory leads to a theory with central charge c = 9. Let us also define Q M = Z Z d to be the scaling symmetry Q M (requiring λ d = 1),
2) associated with P . The associated Landau-Ginzburg orbifold is obtained from the LandauGinzburg field theory with superpotential P , by implementing the Z Z d GSO-type projection. This Landau-Ginzburg orbifold will also be denoted by M and we note that this Z Z d becomes the so-called 'quantum symmetry' of M [14] . The group of all phase symmetries of P , excluding Q M , is called the 'geometric symmetry' 3 of M and is denoted G M .
For the general analysis of Refs. [4, 5, 11] to apply, we must require the system of gradients ∂ i P to vanish only at the origin x i = 0. In this note, we also restrict P (x i ) to be a sum of only as many monomials as there are coordinates (five in the present case), which is clearly the minimal choice. Under this minimality condition it is straightforward to extend the analysis of Chapter 13 in Ref. [15] and we list all 16 minimal non-singular polynomials in Table 1 ; they are contained in the list obtained previously in Ref. [16] . Of course, by allowing more than the minimal number of monomials, more general superpotentials are obtained and a similar study of such a larger class is under way; we hope to report on these results in a detailed study.
Given a model M with one of the superpotentials from Table 1 , we now want to find the mirror model W. The idea is to construct another model, W, such that the roles of the quantum symmetry and the geometrical symmetry are interchanged [10] , that is,
Note that W will in general be a quotient of a manifold with the fixed points blown up.
-•-Let us now study the different cases at hand. For the first (Fermat-type) polynomial in Table 1 , W is obtained by dividing M by the action of Π M , the group of phase symmetries which leave the (3, 0)-form Ω invariant. This is the technique used by Greene and Plesser as mentioned previously [6, 17] .
We turn therefore to those polynomials for which dividing by the action of Π M does not yield the mirror. To demonstrate the procedure, let us describe it in detail for one of the polynomials in Table 1 . The other cases will then follow easily (see also Section 3 and Tables 1 and 2) .
From Table 1 , we take for example
The full geometric symmetry group will of course also contain permutation symmetries, but we include these separately as usual.
To this superpotential, we may associate the matrix of exponents
whose columns are the degree vectors of the respective monomials of P . It is convenient at this point to note that P has a Z Z a 1 ··· a 5 phase symmetry. To see this, let the charge of x 5 be
4 x 5 to transform with an integral (not necessarily unity!) charge, we may choose
and we have a manifest Z Z a 1 ··· a 5 action.
The new polynomial P is then defined to correspond to the transposed matrix and so
We say that P is the transpose 4 of P . Of course, transposing again gives back P . Apart from this transposition, P still belongs to the same class of polynomials as P (see Table 1 ).
Most crucially, the total phase symmetry of P is again
The zero locus of the transposed polynomial P defines a hypersurface W =
[ d ], of which the degree d and the weights l i are determined by P using (2.2).
In general, Eqs. (2.3) will not be fulfilled because Q W ⊂ Q W , but is typically smaller than Q W , see Section 3 and Table 2 for examples. To enlarge Q W , we must divide W by a suitable group of phase symmetries H such that
We then assert that W = W/H is the mirror of M and also check, case by case, that a suitable H does indeed exist. In Table 1 , we list the transpose P for each of the defining polynomials (superpotentials) P . We are not aware of a definition of H in closed form and suitable for display with the general classes as in Table 1; see Table 2 for some examples.
We note in passing that all Fermat-type polynomials are self-transposed. From the point of view of our construction, this is precisely the reason why the method of Greene For D k we have the following defining polynomial:
the transpose of which is
For k > 3 we see that P = P , and so the mirror cannot in general be found by the standard technique. That is, explicit calculation of the (c, c)-and (a, c)-rings of relevant operators shows that unless k is even no quotient of P (D k ) can be identified with the
Landau-Ginzburg orbifold which may be identified with the mirror of P (D k ) (the details are presented in Appendix A).
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Given our short discussion of the P (D k ) and
Landau-Ginzburg models and the details in Appendix A, it is easy to see that the basic argument for the mirror pairing of W with M is the same as in the usual case [6] . There, the mirror map followed from two facts. Firstly,
for a 1-variable A-type Landau-Ginzburg model. Second, such models could be combined into a c = 9 theory, where the isomorphism (2.10) reverses the sign of the Euler characteristic. Likewise here, we break up the polynomials in Table 1 into irreducible n-variable models (n = 2, . . . , 5) and generalizing the above
find that the transposition and quotient by a suitable H provide the generalization of the isomorphism (2.10) for all the irreducible n-variable models used in Table 1 . The application of this to the "compound" polynomials in Table 1 -and so also the mirror pairing of W with M-is then straightforward.
Greene and Plesser recently described a somewhat larger class of models [10] . They considered mirror pairs (M, W), where W is constructed by first performing a fractional but holomorphic change of coordinates to get to a Fermat polynomial. They then deform the latter so as to obtain W, with Eqs. (2.3) satisfied.
Although it is always possible to get from one of the polynomials in Table 1 to a
Fermat polynomial, by a fractional holomorphic coordinate transformation, in general it will not be possible to also deform to a W such that the roles of the quantum and geometric symmetry are interchanged. Thus, the construction described in this paper generalizes the known method for finding the mirror manifold and makes the Z Z 2 transposition manifest.
An Example
To illustrate the method let us consider the following example. The manifold below is listed in Ref. 
Next, we construct 
4)
7 We will use the notation (Z Z k : r 1 , r 2 , r 3 , r 4 , r 5 ) for a Z Z k symmetry with the action
, where α k = 1.
we find that W = W/H satisfies Eqs. (2.3) and identify W as the mirror of M.
Using the method described in Appendix B, it is now straightforward to find not only χ E but also b 2,1 and b 1,1 . For the example in Section 3, we find χ E (W) = −6 and that ) at p ♯ , we have
The singularity is therefore also a node, the Landau-Ginzburg orbifold is degenerate and we are unable to compute the numerical characteristics reliably [19] .
In spite of the technical problems in computing the correct spectrum for a nontransverse polynomial, we believe that W indeed is the mirror to M. We base this conjecture on the fact that an appropriate resolution of the singular W may be identified with the quotient W/H. Note, however, that W and W will correspond in general to two different points in the moduli space. This would lead to a special class of Calabi-Yau conifolds [20] , which are non-transverse precisely at the fixed points of the scaling symmetry Q W . It would be interesting to list all non-transverse polynomials of the above type to see if they would complete the list of weighted projective spaces [16] -as far as providing every manifold there with its mirror.
In Table 2 , we give several more examples of theories for which the mirror was not previously known. As well as being of potential phenomenological interest, we hope that they will illustrate the ease with which the mirror model is constructed.
Discussion and Conclusions
The cautious reader may worry whether there is a hidden caveat to our argument for the mirror pairing of W with M. Indeed, the only completely unambiguous proof would have us compute the (correctly) normalized three-point functions φ Unfortunately, it does not seem possible at this time to complete the above calculation, because the (2, 2)-superconformal field theories we find are not tensor products of minimal models and the correct normalizations seem to elude us. Nevertheless, using the ring structure of the Landau-Ginzburg orbifolds, specified through the Jacobian ideal generated by the system of gradients of the superpotential, as well as the quantum and geometric symmetries, it is straightforward to show that the general structure of the Yukawa couplings, such as the zeros, is the same.
Without delving into the calculation (which will be presented in full detail elsewhere [21] ), for the example discussed earlier we find a one-to-one relation between the (1, 1)
states in the superconformal field theory corresponding to M and the (−1, 1) states in W and vice versa.
We have described a technique which generalizes the existing methods of obtaining the mirror manifold to a given hypersurface in a weighted projective space. The method also applies for complete intersection Calabi-Yau manifolds, for which the covering space can be embedded in a (product of) weighted projective space(s)-as long as the superpotential has as many monomials as there are variables. We conjecture that in general the mirror W to a manifold M does not have to be described by a transverse polynomial-although W can be expressed as a quotient of a non-singular covering space W and the non-transversality occurs at fixed points of Q W . The straightforward way in which the method is applied makes us believe that one ought to be able to mechanize the procedure in terms of a computer code. From the list in Ref. [16] , one would then be able to obtain a very large class of mirror pairs. Although there may still remain manifolds without a constructed mirror, we shall be a step closer to verifying that every Calabi-Yau manifold indeed has a mirror. In this appendix, we will show that the mirror to D k is given by
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We have that the defining polynomial for D k is given by
The charges are
. The corresponding Landau-Ginzburg theory has the following ring structure
where the subscripts k and 1 indicate the number of states in the (c, c) and (a, c) rings respectively. To find the mirror theory we consider quotients of D k . Depending on whether k is even or odd, there are two situations.
For k even, the scaling symmetry
2 ). Using the result in Ref. [22] for the transformation of a given state under a symmetry, we find the states which are invariant under j. This gives rise to the ring structure 
When k is odd the scaling symmetry j is (Z Z 2(k−1) : 2, k−2). A calculation similar to the one above shows that, unless k = 3, D k /j is not the mirror; neither is any other quotient. We then turn to the transposed polynomial for D k ,
which has charges q 1 = ,c) , . . . , |0 (2) (a,c) , y|0
(1) (a,c) } k .
Note that for ℓ = 2p + 1, the states x k−2 |0
(1) (a,c) are not projected out, but We next turn to compute the χ E , b 2,1 and b 1,1 for W (see also Ref. [23] ). To this end, we need the expression for the Euler number for a weighted projective hypersurface [24, 25] :
(−1)
where D = 3 is the dimension of the Calabi-Yau space, N = 5 is the number of homogeneous coordinates, and q i = ℓ i /d. We now want to generalize Eq. (B.1) so that it can also be valid for a quotient. First, rewrite it as
where
Note that r and ℓ run over all twisted sectors, including the sectors due to dividing by the discrete symmetry; Θ i (ℓ) is the i th twist charge from the ℓ th twisted sector and similarly for Θ i (r). This is a generalization of ℓq i and rq i in Eq. (B.1) [22, 11] . The point of writing χ E in the form (B.2) is that it resembles the usual expression for the Euler number. In fact, the S r will determine the Hodge numbers.
To extract b 2,1 and b 1,1 , we need to know which sectors contribute to (2, 1)-and (1, 1)-forms, respectively. The simplest way to see this is by looking at the conformal field theory. Since χ E is given by Eq. (B.1), it is enough to consider b 2,1 . Recall that we associate charge-(1, 1) states to (2, 1)-forms. The question is then which sectors contain (1, 1) states. To answer this, we need the expression for the charges of the Ramond vacuum in the ℓ th twisted sector [24] :
The |0 Table 1 : P = 0 defines a hypersurface in a weighted projective 4-space. P = 0 gives the covering space, W, of W, the mirror of M. W will in general be a quotient of W.
